Abstract. The Aharonov-Bohm effect is traditionally attributed to the effect of the electromagnetic 4-potential A, even in regions where both the electric field E and the magnetic field B are zero. The AB effect reveals that multiple-valued functions play a crucial role in the description of an electromagnetic field. We argue that the quantity measured by AB experiments is a difference in values of a multiple-valued complex function, which we call a complex potential or pre-potential. We show that any electromagnetic field can be described by this pre-potential, and give an explicit expression for the electromagnetic field tensor through this potential. The pre-potential is a modification of the two scalar potential functions introduced by E. T. Whittaker.
Introduction
In their seminal paper [1] , Y. Aharonov and D. Bohm claim that, contrary to the conclusions of classical mechanics, the electromagnetic 4-potential A affects the motion of an electron beam, even in regions where the electromagnetic field vanishes. They proposed two kinds of experiments which were successfully performed later (see, for instance, [2] and [3] ).
In [1] a scalar function S such that ∇S = (e /c)A is introduced. It has been shown that if ψ 0 is the solution of the Schrödinger equation in the absence of an EM field, then the function ψ = ψ 0 e −iS/ is the solution of the equation in the presence of the field. When the region is multiply connected, S is not a single-valued function, and calculating S by two non-equivalent paths can produce S 1 − S 2 = 0. It is argued that in the magnetic AB experiment, the difference of values of some multivalued function S(x) is measured. The function S(x) is a real-valued function of spatial coordinates and is the logarithm of the phase factor of the corresponding Schrödinger equation.
The ability of the four-potential A to account for the Aharonov-Bohm effect is limited to the case in which the EM field is zero. In this paper, we give a more precise explanation of the effect by shifting the focus from the four-potential A to a complex-valued multifunction S. Obviously, an everywhere defined real -valued function S satisfying ∇S = (e /c)A cannot produce a non-trivial field, since in this case the expression F = ∇ × A vanishes. But, as we have shown in [4] , we can describe an electromagnetic field by a complex -valued function S(x), which we call the scalar complex potential of the electromagnetic field. The real and imaginary parts of S(x) are, in fact, the two 'scalar potentials' introduced by E. T. Whittaker in 1904 [5] .
Note that another complex scalar potential was introduced by H. S. Green and E. Wolf in 1953 [6] . They described the similarity of the expressions for energy and momentum densities between their potential and the wave function. The relation of this potential to the Whittaker one is still unclear.
Let us describe the function S(x) in more details. Given a moving charge and an observer, we obtain a complex dimensionless scalar. We then define the scalar complex potential S as the logarithm of this dimensionless scalar. As in [1] , our S is not a multivalued function (it contains complex logarithm). Moreover, we shall see that the multivalued nature of S is the tailor-made mathematical expression of the Aharonov-Bohm effect. Next, we derive the complex Faraday vector F := E + iB of an electromagnetic field from the pre-potential S:
where the α j are Dirac's α-matrices. These matrices α k are used to insert a Lorentz invariant conjugation between the gradient and the curl as they are applied to S. Finally, we presnt a third-order differential equation expressing the connection between the complex potential S(x) and the field sources.
Definition of the Complex Potential of a moving charge
Denote by P = (t, x, y, z) a point in space-time at which we want to calculate the four potential. We call P the observer. Denote by L the world-line of the charge q generating our electromagnetic field. Let Q ∈ L be the unique point of intersection of the past light cone at P with the world-line L of the charge. We denote the time of the event Q byτ and refer to this time as the retarded time of the potential. Note that radiation emitted at Q will reach P at time t. Thus, the potential at P will depend only on the position described by the vector a = −→ QP of the charge at the proper timeτ . See Figure  1 . Let K be an inertial reference frame in space-time with coordinates (ct, x, y, z) = x µ , where c denotes the speed of light. For the rest of the paper, we will use units in which c = 1 and omit c from equations. The inner product of two 4-vectors is defined as
The space of 4-vectors with this inner product is Minkowski space-time M . Let x µ denote the coordinates of P , and letx µ be the coordinates of Q, the charge at the retarded time. Introduce a 4-vector a(x) = −→ QP . Then
The vector a(x) is a null (light-like) vector in space-time.
Since a is a null vector, we have
We may therefore define a dimensionless complex constant
This constant coincides with the "single complex parameter" occurring during the stereographic projection of the celestial sphere to the Agrand plane (see [7] v.1 p.15). We want the scalar potential to be a function of the dimensionless scalar ζ. To identify the "right" function, note that the electric force depends on the distance from the charge as 1 r 2 and, as explained in the Introduction, the force is a second derivative of the potential. Hence, the natural candidate for the scalar potential is a multiple of the logarithm function.
Definition We define the complex potential or pre-potential S(x) at the observer pointx of a moving charge q by
where a(x) is defined by (2).
The 4-potential and the Faraday vector of the electromagnetic field
An electromagnetic field can be defined by an electric field intensity E(r, t) and a magnetic field intensity B(r, t). Equivalently, one can define a complex 3D-vector F, called the Faraday vector, by
in order to represent the electromagnetic field. Since E and B may be expressed as certain derivatives of the the 4-potential A = A µ , the Faraday vector F may also be derived from the 4-potential:
Here the differential operators are
µ ν are the Majorana-Oppenheimer matrices (see [8] )
which were used and studied also in [9] .
Direct computation shows that the matrices σ j = iρ j obey the commutator relations of the rotation group SO(3), while the ρ j matrices obey the commutator relations of boosts in the Lorentz group, i.e.
As a result, we can use the six matrices ρ j , σ j as generators of the Lie algebra of the Lorentz group. In addition, the complex conjugatesρ j of these matrices satisfy the same commutation relations. Thusρ j andσ j = −iρ j also generate the Lie algebra of the Lorentz group. Moreover,
In addition to the above commutation relations, these matrices also satisfy the following anti-commutation relations:
Lorentz group representations in M 4
Denote by M 4 the complex space C 4 endowed with the bilinear C-valued form x · y = η µν x µ y ν . One possible interpretation of M 4 is the following. Let ψ : M → C be the wave function of a zero spin particle. The gradient operator, describing a generalized momentum, maps space-time into M 4 , since ∇ψ ∈ C 4 . The bilinear form on M 4 is an extension of the inner product on the Minkowski space-time. Our complex scalar potential S(x) is a function M → C as well.
Denote by π the lift to M 4 of the fundamental representation of the Lorentz group L on M , see Figure 2 . We denote byπ the representation in M 4 generated by matrices ρ j and iρ j (a boost in direction j is given by Υ j = exp(ρ j )), and byπ * the representation in M 4 generated by matricesρ j and −iρ j . Note that the matrices ρ j +ρ j are generators of boosts in direction j. Thus, using (10), the representation π of the Lorentz group L can be decomposed as
or more generally, for any g ∈ L π(g) =π(g)π * (g) .
Covariance under the representations in M 4
In [9] a complex Faraday tensor is introduced for the description of an electromagnetic field, similar to the one introduced by Silberstein [10] . This tensor is a complex matrix (mixed tensor)
β α , with F j defined by (6) . We denote its complex conjugate byF 
We will now prove two claims.
Claim 1
The covariance of the tensor F Proof. We check the covariance under the boost Λ j , defined by (12) , in the direction j. Under this transformation, from (14) we have
Using (10), we get [
Hence, the above equation can be rewritten as
This proves Claim 1 for boosts. Similarly, one can establish covariance under action of an arbitrary element of the group L.
Claim 2 The dimensionless constant ζ defined by (4) and the complex potential S(x) defied by (5) are covariant under the representationπ.
Proof. Note that from (11), it follows that Υ j = exp(ρ j ψ) = cosh(ψ/2)I +sinh(ψ/2)2ρ j . Thus, if we apply, for example, Υ 1 on the vector a, we get
So, applying this transformation to ζ and using the identity in (4), we get
This proves Claim 2.
The Faraday vector and the complex potential of a uniformly moving charge
To define the 4-potential A and consequently the field strength F, we need a new operation on M 4 . This operation acts by multiplication with the matrix C = 2ρ 3 , namely, a µ → C µ ν a ν . Since the square of this operation is the identity, we call it the conjugation. From (10) it follows that this conjugation is covariant under the representationπ.
Define the complex 4-potential A as the conjugate of the gradient of S, i.e.
A µ = C λ µ ∂ λ S. The Faraday vector F can be derived from the complex potential by use of (7):
This gives explicit formulas for each component of the Faraday vector F :
and
By the above two claims, equation (15) is covariant under the representationπ. Hence, we will compare this formula with known results only in the case of a rest charge at the origin. Consider a rest charge at the origin. In this case, the world-line of the charge is L = (t, 0, 0, 0). From definition (2), we get a = (|x|,
, we obtain S ,0 = 0,
Then, from (16), we obtain
|x| 3 . To calculate F 3 using (17), we first calculate
implying that
Since S ,00 = 0 and S ,33 = qx 3 |x| 3 , equation (17) yields
This coincides with the usual formula for the electric force of a rest charge. Note that in this case, our complex potential satisfies the wave equation
Since the d'Alembertian is covariant, the wave equation holds for a field generated by any uniformly moving charge and more generally for any EM field. For a charge q moving uniformly with 4-velocity u, the Faraday vector F can be calculated by
where (ρ j ) µ ν are defined by (8) . From the above calculations for a rest charge at the origin the equation (19) holds (in this case u = (1, 0, 0, 0)). Since this formula is covariant, it also holds in the case of a uniformly moving charge. Equation (19) coincides with the usual formula for the field of a moving charge (see, for example, [11] p. 573).
The scalar potential for an electromagnetic field
Any electromagnetic field is generated by a collection of moving charges. We may assume that charges close to each other move with velocities that do not vary significantly. The sources of the electromagnetic field may be represented by the charge densities σ(y) on the space-time 4-vector y. We assume that the potential depends additively on the charges generating the field. Thus, the scalar complex potential of the electromagnetic field is given by
where K − (x) denotes the backward light-cone at x. The operators α j := ρ j C occurring in (15) satisfy the canonical anti-commutation relations similar to (11) of Dirac's α-matrices. Therefore, for any complex potential S, equation (15) can be rewritten as
In the Newman-Penrose basis of M 4 (also known as Bondi tetrad, see [4] ), the matrices α j take the usual form σ j 0 0 −σ j where σ j are the Pauli matrices.
Note that the matrices ρ j , which define the representationπ, also satisfy the canonical anti-commutation relations (11) . However, they cannot be completed by a β matrix, needed for the Dirac equation. The representationπ is a representation of pairs of spinors, while the representationπ * is a representation of pairs of dotted spinors. If the electromagnetic field sources are J µ = (ρ, −j 1 , −j 2 , −j 3 ), it can be shown [12] that the Maxwell equations become 
Discussion
We introduced a new description of an electromagnetic field by a complex-valued function S(x) (pre-potential) on Minkowski space-time. The advantages of this approach are as follows:
• The multiple-valued nature of the pre-potential is a natural expression of the Aharonov-Bohm effect.
• Our approach reduces the degrees of freedom from 4 to 2 in the description of an electromagnetic field.
• It reveals a new connection between the Dirac equation and classical electrodynamics.
• We obtain a new complex Lorentz invariant ζ associated with any null-vector.
• Our approach reveals a new connection between the fundamental and spinor representations of the Lorentz group.
Our future steps are:
• Incorporate the pre-potential into the Dirac and Schrödinger equations.
• Understand the effect of the electromagnetic field on the solutions of these equations through the pre-potential.
• Derive the formulae for the pre-potential for standard sources of an electromagnetic field.
